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ALMOST AND NEAR HIGHER DERIVATION

YouNnc WHAN LEE*

ABSTRACT. In this paper we show that every near higher derivation
on a Banach algebra is an almost higher derivation. Also we ob-
tain conditions that every almost higher derivation is a near higher
derivation.

1. Introduction

Let A be a Banach algebra. A linear mapping D on A is a derivation
if
D(ab) = D(a)b+ aD(b)
for all a,b € A. Also a class {Ho, Hy,--- , Hy} of linear mappings on A
is a higher derivation of rank m if

Hy(ab) = Hi(a)H,i(b)
=0

forn =1,2,--- ,m and for all a,b € A and Hj is an identity mapping
on A, that is, Hy = Idy4.

We denote the space of bounded linear mappings on A by Bx(A)
which is bounded by a constant K. For the convenience we let

“Bm(%K(A))
- {{To,Tl,-- T} To=1Ida,Ti € Br(A) i=1,2, - ,m}.
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For {Ty, T1, -+ ,Tm} € Pm(Bk(A)) we define
73 (0,8) = To(ab) - 3 Ta)To i)
i=0

forn=1,2,--- ,m and for all a,b € A.

The subset of B, (B (A)) consisting of higher derivations is denoted
by 9 (B (A)). That is, if {Tp, 71, , T} € Hm(Bk(A)) then T)Y =0
foralln =1,2,--- ,m. For {Ty, Ty, -+ , T} € P (B (A)) we put

d({To, Th, - ,Tm})

:inf{ max ||T, — Hal|
1<n<m

(Ho, Hy, - Hy) € ﬁm(%K(A))}

and
0.7, 7|
= max ||T,/]|
1<n<m
= max su T, (ab) — TiaTn,in ‘ a,be A},
1<"<m|a|,||br|)—1{H o z; (i) }

We can see that {Hoy, H1, -, Hpn} € 9m(Bxr(A)) if and only if
d({H0>H17 e 7Hm}) = 0.

Note that {Tp, 71, ,Tm} € Pm(Bx(A)) is called a d—near higher
derivation on A of rank m if

d({TUale' te 7Tm}) S 5

and also {Ty, Ty, -+, Ty} is called an e—almost higher derivation on A
of rank m if
I{To, T1, -\ T}l < e

B. E. Johnson[4] obtained conditions that every almost multiplicative
map is a near multiplicative map. Note that A. M. Sinclair[6] proved
that every derivation on a semisimple Banach algebra is continuous. F.
Gurick[2] introduced the concept of higher derivation and N. P. Jewell[3]
showed that the result of A. M. Sinclair could be extended to higher
derivation. The author[5] solved the automatic continuity problem of
an approximate higher derivation on a semisimple Banach algebra and
investigate Hyers-Ulam stability for a higher derivation.

In this paper, we show that every near higher derivation on a Banach
algebra is an almost higher derivation and obtain conditions that every
almost higher derivation is a near higher derivation.
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DEFINITION 1.1. We say that every near higher derivation on a Ba-
nach algebra A of rank m is an almost higher derivation if for each
e > 0 there exists § > 0 such that if d({Ty,Th, - ,Tm}) < 0 for any
{T(),Tl, R ,Tm} S mm(%K(A)) then H{T(),Tl, R 7Tm}|| <e.

THEOREM 1.2. Let A be a Banach algebra. Every near higher deriva-
tion on A of rank m is an almost higher derivation.

Proof. Let € > 0 be given, {To, 11, ,Tm} € Pm(Bk(A)) and 6 =

m. Also let {Ty,T1,--- ,Tim} be a d—near derivation on A of
rank m. Then there is a {Hy, H1, -+ , Hpn} € Hm (B (A)) such that for
n=12---,m,||T, — Hy|| <. Also, forn =1,2,--- ;m, we have
|7 (@, b)]

-

< (T — Ha)(@b)|| + > I(Ti = Hi)(a)Hn—i(D)]]
1=0

T,(at) ~ Y Ta)Toi)|
=0

+ ) T (a) (Hnei — Toi) (0)]
=0

<||(T — Hy) el ol
" Z (T = Ho) (@) i (5)]
11T~ Ho) @bl + (1T — Ho)(a) )]
+Z (@) (Hoes = T ) )] + 10Ty — Ho)(®)]| + |a(H, — T,)0)]

< — A =
< (3+2K(n—2)) max (T~ H)|

for all a,b € A with ||a|| = 1,||b|| = 1 and for all {Hoy, Hy,--- ,Hy,} €
Hm (B (A)). Therefore we have

“ e — v
||{T07T17 ;Tn}H 1I§nnagxm||Tn||
< (B+2K(m—2))d{To,T1, -, Tn})
(342K (m — 2))3

<
<e.
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DEFINITION 1.3. We say that every almost higher derivation on a
Banach algebra A of rank m is a near higher derivation if for each
e > 0 there exists 6 > 0 such that if |{Tv,T1, -+ ,Tm}|| < d for any
{T(),Tl, e ,Tm} € P (Bxr(A)) then d({T(),Tl, e ,Tm}) <e.

EXAMPLE 1.4. Let A be a Banach algebra of 2 x 2 matrices which
the matrix is of the form
a 0
b a

for each scalar a and b. Let €1 > 0 and €5 > 0 be given. Define
mappings {H07 H17 HQ} b.y

Hy = Id,

a 0 0 0
H1<b a>_<€1b 0)’
a 0 0 0
H2<b a>_(£2b 0)'

Then {Hy, Hy, Ha} is a higher derivation of rank 2. Now define mappings
{To, T, Tx} by

To = Id,

a 0 . g1a 0
n(h ) =0 )
a 0 . €20 0
T2<b a>_< 0 52@)'

Then ||TY|| < 1, ||ITY|l < e2 [|Ty — Hi| < &1 and ||T; — Hal| < &2
Therefore {Ty, 11,12} is max{e1,e2}—almost higher derivation of rank
2 and also it is a max{e1,e2}—near higher derivation.

THEOREM 1.5. Let A be a finite dimensional Banach algebra. Then
every almost higher derivation on A of any rank m is a near higher
derivation.

Proof. Note that the dimension of (B (A))™ is also finite. Let € > 0
be given and

¢ = {{To. Th, T} € Pun(Brc(A)|d({To, T1, -+ Ton}) = e},

85 = {{T0, 71, , T} € P Bic(A)|I1{T0, T, -+, T} 1| > 8.
We claim that &5 C (Bx(A))™ is open and € C (B (A))™ is closed.
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Let € > 0 be given and there exists
oy Sy s Jem) ) € (Br(A)™\Gs
such that
oy Jeys s Jemy b = {Jos Sy s I}

in 8§ as t — oo. Since {J(0), J1,1), + » Jum)} & Gs for every (t,n),

\alf\l\ll)ll)l 1HJ'§" (ab) — Z’]“ tn—l)(b)Hgé

and there is a constant N such that for allt > N and n=1,2,--- ,m
o = Jamll < e

Then for each n we have

[BA]
= sup ‘ Jn(ab) — Z Ji(a)']nfi(b)H
[lall,]]b]|=0 i=0
- \fﬁéﬂfo (1107 = T @) + 1T (ab)

_thz tn ’L (b)H
+Z||Jm ) J(eniy(8) = (@) Ju-i(D)]])

ST - OZ” T = T @) i O
@ =0

sup Z| J tn i) _Jn—z)(b)H

Hall\lbll =020
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n—1
<e+5+ H IISTIJIEI)I OZ (T et,iy — Ji)(@) T (g, n—i) ()]
UBIPI=Y =1

+ () = In)(a) J1,0) (D)

n—1
+ H If\llllfl)l OZ [ Ji(@) (Tt n—iy — J) O] + [[Jo(@) (T ) — Jn) (D)]]
AllLNON=E =1

<e+d+2+2K(n—2)c

= Me+0, (where M =2K(n-—2)+3).

Since & was arbitrary, ||J)Y|| < ¢ for 1 < n < m and so
[ Jos J1s -+ Tl < 6.

This states that {Jo, J1,---,Jn} € &5 and thus {Jo, J1,---,Jp} € &5.
This says that &5 is open.
To show that € is closed, we let

{J(t,0)7 J(t,1)7 T 7J(t,n)} - {J(Jv Ji e, Jm}
in € as t — oo. Then
{0y Jit.1) - > ) ]
= inf { 12}18“5(7” ||Hn - J(t,n)” {H07H1a T ,Hn} € ﬁm(sBK(A))}
> €

and for arbitrary €’ > 0 there is N such that for all n (n =1,2,--- ,m),
and t > N

|| — J(t,n)H <é.
Thus for every (n =1,2,--- ,m), we have

1 Hn = Jnll 2 |1 Hn = T |l = gy = Jnll Z € — €.

Since &’ was arbitrary, d({Jo, J1,- -+, Jo}) > €. Therefore {Jy, J1, -+ , Jn}
€ ¢ and thus € is closed.
Since € C B (A)™ and dim(Br(A)™) < oo, € is compact. Since

€ C B (A)™\9m(Br(4)) C | &s,
>0

there exist 61,03, -+ ,d; > 0 such that

l
Ues e
=1
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Let A = min{d1,02,--- ,d;}. Then C C . Now let {Tp, 11, -+ ,Tin} €
P (Br(A)) with H{T(),Tl, e 7Tm}|| < A. Then {To,Tl, e ,Tm} ¢ .
Therefore

d({T(),Tl, s ,Tm}) < E.

This says that every almost higher derivation on A of rank m is a near
higher derivation. O

THEOREM 1.6. Let A be a Banach algebra. Every almost higher
derivation on A of any rank m is a near higher derivation if and only if
for any

oy Jays s Jiemyt € Bm(Bx(A))

with J(\gn) —0ast— oo (n=1,2,---,m), there exists
{HOaHlv o 7Hm} S 5/T)'m,(BI(<A’4))
such that for each n (n =1,2,--- ,m), Jy ) — Hp — 0 ast — oo.

Proof. Let {Ju o), Jt1ys 5 Jn)} € Prm(Br(A)) and J(Yt,n) — 0 as
t — o0 (n=12---,m). Then for any ¢ > 0 we can choose ¢ and ¢
such that

||{J(t,0)v<](t,1)a T 7J(t,n)}|| = 122{nu=}(zz)|’ <.

By hypothesis,
d({J w0y Jie1) > Jim) )
- inf{lg%xmuj(m) — Hy|||[{Ho, Hy, - Hp) € ﬁm(%k(A))}
<e.
Thus there exists {Ho, H1, -+, Hn} € Hm(Br(A)) such that Jitm) —

H, —0ast— oo.
Conversely, suppose that € > 0 and

oy Jays s Jenyt € Bm(Bx(A))

and JY )—>Oastﬁoo (n=1,2,---,m). Then there exists 6 > 0, N

(t,n
and

{H07H17 T 7Hn} € 57)7”(%]6(14))
such that for every t > N and n = 1,2,--- ,m, HJ(\;n)H < § implies
[ty — Hnl| < e. That is, if

{0y, Ty > Jamy HI <6



470 Young Whan Lee

then
d({J(t,O)7J(t,1)a e 7J(t,n)}) S €.

Thus every almost higher derivation on A of any rank m is a near higher
derivation. O

EXAMPLE 1.7. Let C*°[0, 1] denote the algebra of all complex valued
functions on [0,1] which have infinitely differentiable functions. J. F.
Feinstein[1] got several Banach algebra norms on C*°[0,1]. We give a
Banach algebra norm on C*°[0, 1] by

{10
=3 s
n=0

where || f|loc = supiepo) [f(£)]- Then || /]| < ||f[| and [|f®)]] < (k)?[|£]],
because for any k > 1

1 1 21)2  (31)? 1
(k:!)2 ((2!)2 + ES!;Q + E4!§2 +)Hf(k)” < WHJC(’C)H < Hf”
We denote this Banach algebra by C*([0, 1], (n!)?).

Define {Ho, Hy, -+, Hy} € 9, (B (C([0,1],(n))?))) by Hy = Id
and H,(f) = f™ for n = 1,2,--- ,m. Also define {Ty,T1,---, T} €
B (B (C([0,1], (n))?))) by Ty = Id and Ty, (f) = ™ +ef for n =
1,2,---,m. Then ||T,(f) — Hn(f)|| < €l f]| and

1T (Fll = 1Tu(f9) = > Ti(f)Tu-i(9)]]
=0

m

= 1(f9) ™ +efg =Y () +ef)(g" ) +eg)ll

i=0
n—1
< &=+ D ((m =) A Nllgl
i=1
forn =1,2,--- ,m and f,g € C*[0,1]. Therefore {Ty,T1, -, T} is
an almost and near higher derivation.

DEFINITION 1.8. Let A be a commutative Banach algebra. A linear
mapping D on A is a p-derivation (or module derivation) if

D(ab) = p(b)D(a) + p(a)D(b)

for all a,b € A, which p is a continuous homomorhpism on A . Also
a class {Hy = p,Hy, -+ ,Hy,} of linear mappings on A is a p-higher
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derivation of rank m if
Hy(ab) = Hi(a)H,—i(b)
i=0

form = 1,2,--- ,m and for all a,b € A. As well as almost and near
higher derivations, we can define almost and near p-higher derivations.

We can see that all theorems above hold for the case of p-higher
derivation.

THEOREM 1.9. Let {Ty = p,T1, T} € Pa(Bx(C([0,1], (n!)?))) be

an e—almost p-higher derivation of rank 2 with p(z')T,(27) = 0 for
i+j>s (for some integer s and i,j =0,1,---,n). Then {Ty,T1,T>}
is a near p-higher derivation.

Proof. For the convenience, we denote p(f)g by fg. We prove the
following formula by induction; For m > 2, we have

Ti(2Y) =T) (2,257 + 21Y (2, 2172) + 22T (2, 272)
4o 4 22T (2, 2) + 12T (2).
It is trivial for [ = 2. Assume that it holds for I. Then
Ty (27 =TV (2, 7)) + 2T (2)) + 2' T (2)
=TV (2,2") + 2Ty (2, 27 1)
4o 2T (2, 2) + (14 1)2!T (2).
For any polynomial p(z) = ag + a1z + -+ + a2zt (t > s), we have
Ti(p) =T1(ag) + a1T1(2) + ao22T1(2) + - - + ast2! 1Ty (2)

+TY(2,2)(az + azz + - + a;z"™2)

+TY(2,2*) (a3 + agz + - + ;2" 2)

+ o T (2, 2 N ag + TY (2, 2Y).

Since 2T}, (27) = 0 for i+ j > s for some integer s and i,j = 0,1,2 it
is easy to show that z'T}’(z,27) =0 for i + j > s. Thus

Ti(p) =p'Ti(2) + Ti(ao) + TY (2, 2)(ag + azz + -+ + as_32°"")
+ 1Y (2,2°) (a3 + agz + -+ a5 42" + -+ TY (2, 2°) (as11).

Since nllan| < [[pM|los < (™| < (1)?|Ipll, lan] < (n})]lp]| for all
n=20,1,2,--- . Thus we have

IT1(p) = PTh(2)|] < es(L+ 20431+ -+ + (s = 3))[pl] = £'l[pl|
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for e =m(14+214+314+--- 4 (s —3)!).
We define Hy, H; € B (C>([0,1],(n!)?)) by Ho = p, H1(f) = f'Ti(2).
Then H; is a derivation and for all f € C*([0, 1], (n!)?)

1T2(f) = Hy () < £lIf]-

By induction, we have

To(2') =T (2,271 4+ 2T (2, 272) + 22T (2, 2"73) + -+ + 21721y (2, 2)
+ Tu(2) (1Y (2,27%) + 2217 (2,217%) -+ (1= 2)2 7T (2, 2))

(r-1
)

5 72T (2)? 4+ 12 M (2)

for [ > 2. It is trivial for n = 2. Assume that it is true for [. Then

To(2) =Ty (2, 2') + 2To(2') + 2'Tu(2) + T (2) T (2Y)
=T/ (2,2") + 2Ty (2,271 + - - + 21T (2, 2)
+ T1<z><T1 (2, 21) + 22T (2, 2172)
(1 +1)272TY (5, 2))
1

+
+ l(l;r ) AT (2)2 + (L4 12 Th(2).

For any polynomial p(z) = ag + a1z + -+ + a2t (t > s),

To(p) =To(ag) + a1T(2) + a222T5(z) - - - + attzt_ng(z)

T, 2
1(22) (a22 + az3 -2z + agt(t — 1)z72)
+ Ty (2,2)(ag +azz + - -+ a;2'2)
+ T2 (2, 2%)(az + asz + -+ + a2 %)

A TY (2,2 N ay

+ Tl( VTV (2, 2) (a3 + ag2z + - + ag(t — 2)2173)
+ T1(2)TY (2, 2%)(asa + a52z + - - + ay(t — 3)2" %)
+o+ T2 (2,2 )y

2

Thus we have



Almost and near higher derivation 473

1
To(p) =p'Ta(2) + 5" Ta(2) + Ta(ao)
+ T2 (Z, Z)(CLQ +asz+ -+ as_i_lzsfl)
(

+ T2 2z, 22 (az +agz+ -+ as+1zs_2)

)

-+ Ty (2,2%)as

+ Tl( V1Y (2, 2) (a3 + as2z + - + agp082° )

+ Ty (2)TY (2, 22)(ag 4 a52z + - - - + asqo(s — 1)2°72)
A+ T (2)TY (2, 2°)asya.

By the calculation above we get

ITo(p) ~ P To(2) — 5 5T ()
<es(1+204 3+ + (s + 1))][p]
+es||Th |3+ 4+ -+ (s +2)!)]|p]]

= <l

for a constant ”, where ¢’/ — 0 as & — 0.
We define Hy € B (C([0,1], (n)?)) by Ho(f) = f'To(2)+3f"T1(2)%
Then {p, Hl,Hg} is a p-higher derivation of rank 2 and for all f €

C([0,1], (n1)?)
1T2(f) = Ha(H)I < "I f]]-
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